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We show that the holonomy of a connection defined on a principal composite bundle is related by 
a non-abelian Stokes theorem to the composition of the holonomies associated with the connections 
of the component bundles of the composite. We apply this formalism to describe the non-abelian 
geometric phase (when the geometric phase generator does not commute with the dynamical phase 
generator). We find then an assumption to obtain a new kind of separation between the dynamical 
and the geometric phases. We also apply this formalism to the gauge theory of gravity in the 
presence of a Dirac spinor field in order to decompose the holonomy of the Lorentz connection into 
holonomies of the linear connection and of the Cartan connection. 



I. INTRODUCTION 



A composite bundle is a tower of bundles E{T, F2) T{B, Fi) B (the notation T{B, F) ^ B denotes a locally 
trivial fibre bundle, with base space B, typical fibre F, total space T and projection tt, with B, F and T being three 
I C°°-inanifolds and tt being a surjective map). The concept of composite bundle was introduced by Sardanashvily in 
<^ i- ref. with £^(T, F2) — >■ T a vector bundle, to describe both the non-abelian geometric phase and the non-abelian 
dynamical phase. Sardanashvily ref. 0, 0] and Tresguerres ref. Q have also used composite bundles to describe the 
gauge theory of gravity. To complete the description of a non-abelian geometric phase with a non-abelian dynamical 
phase, we have introduced in ref. Q the concept of principal composite bundle. A principal composite P{M, G)- 
bundle P+{S, G) — >■ S[R, M) M mimes a principal bundle, where a base fibre bundle S{R, M) R plays the role 
of the base manifold, and where a structure principal G-bundle P(M, G) ^ M plays the role of the structure group 
\ {R, M, S, P and P+ are C°°- manifolds, and G is a Lie group). We have shown that a principal composite bundle 
. defines a locally defined G-bundle P+{M x R, G) ^ M x R called total bundle, and two kinds of "leaf" of fibres. One 
^— I ■ concists of bundles isomorphic to P{M, G) M, and the others are called transversal G-bundles {Qx{N, G) N). 
Q^ , In the present paper, we specify the principal composite bundle structure, particularly from the viewpoint of the local 

■ data and of the torsion of the total bundle. Moreover we study the holonomy of a composite connection and we show 
, that it is related by a non-abelian Stokes theorem to the product of the holonomy of the structure bundle connection 

■ by the holonomy of one of the transversal bundle connections. 

I This paper is organized as follows. Section II presents the principal composite bundle geometry. Section III studies 
. composite connections and the associated holonomies. The link between composite holonomies and geometric phases, 
' ^ [ ' when the geometric phase generator does not commute with the dynamical phase generator, is studied in section IV. 
^ , Under a relevant assumption we find that the non-abelian phase is the product of the non-abelian geometric phase and 
of the non-abelian dynamical phase with fixed adiabatic parameters. Finally, we consider the composite holonomies 
arising with a Dirac spinor field transport in a curved spacetime. 
' A note about the notations used here : the symbol "~ " between two manifolds denotes that the two manifolds are 
diffeomorphic. The symbol denotes an inclusion between two sets. r2"(M, g) denotes the set of the Q-valued 

n-forms of the manifold M. du denotes the exterior differential of M . T^M denotes the space of tangent vectors of 
M at X € M andTM denotes the space of tangent vector fields of M (the tangent bundle of M). CxM denotes the 
space of smooth closed loops in M with base point x. f o g[x) denotes the composition f{g{x)). r([/, P) denotes the 
set of local sections of a fiber bundle P — !■ AI over U C M . 



II. THE PRINCIPAL COMPOSITE BUNDLE GEOMETRY 



This section presents the relevent definitions concerning the principal composite bundles. The first part presents 
the global theory (as in ref. (H) but with enlightenment concering the torsion of the total bundle; the second part 
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introduces the local theory (which is not treated in ref. Q). 

A. Global geometry of a principal composite bundle 

Definition 1 (Principal composite bundle) Let G be a Lie group and P{M, G) — ^ M be a principal G-bundle 

over a manifold M. A principal composite P{M,G) -bundle, is a tower of fibre bundles P+{S,G) S{R,M) R 
such that 

• VyeR, 7:-My) ^ M, 

• for ervery good open cover {V^}i of R, there exists a diffeomorphism x^s ■ '''s^(^*) ~^ ^ ' 
.VyeV\ 7r^\nf{y))^x's*yP- 

P{M, G) — >■ M is called the structure bundle of the principal composite bundle. 

(A good open cover of i? is a set of simply connected contractible open sets covering R) . x^'sy is the map induced in 
the bundles by x^sy ~ '^^s\Tr^'^(y) ^^^^ fibre diffeomorphism of S{R,M) over j/), i.e. it is the bundle isomorphism such 
that the following diagram commutes: 

"4 "4 

S ns\y) M 

7TS 



R {y} 

As a principal bundle defines a total space which is locally a cartesian product of manifolds, a principal composite 
bundle defines a total space which is locally a fibre bundle. 

Definition 2 (Total twisted bundle of a principal composite bundle) Let P+(S', G) S{R,M) R be 
a principal composite P{M,G) -bundle. Let (pf, : [/" x G ^ 7rp^(C/") d P be the local trivialisation of P(M,G) 
({U°'}a being a good open cover of M). We call total twisted bundle of P-^ S ^ R, the set of principal G-bundles 

{P^{M X V^*,G) !■ M X V^}i defined by the following local trivialisation: 

, U"' xV xG PI 
■ ix,y,g) ^ x'syrp{x,g) 

where P\_ = t:~'^ {ji-^ {V)) with the projection defined by Vp G P^, tt\^{p) = (xLso7r+(p) ° t^s ° 7r+(p)). 

Since xl*yrp{s, G) = n-^x'sy^x)) , for each y e Ci , x'syWsy ° x7y{^),G) = x^;0^(x, G). 

Definition 3 (Torsion functions of the twisted total bundle) We call torsion functions of the total twisted 

bundle of a principal composite P{M,G)-bundle P+{S,G) — ^ S{R,M) R, the automorphisms of M defined 
for all y eVn by 

-. M ^ M 

■ X ^ Xsy ° Xsy i^) 

ip'!jj represents the torsion of {P^{M x V^,G)}i since 

<pr+{^,y,G)^r+\{^l^x),y,G) 
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The total twisted bundle is a principal G-bundle if and only if tp^^ = idM, i-e. if S = R x M (the bundle S{R, M) is 
trivial) . 

There are three notions of fibre in a principal composite bundle (see fig. [1}. One is the usual fibre of the total 
bundle of the composite, i.e. tt'^^_^{x, y) for (x, y) £ M xV^. The second kind plays the role in the principal composite 

bundle of the fibre diffeomorphic to the structure group in a principal bundle, i.e. t^^^ [t^s^ (v)) ~ ^^SyP- '^^^^ 
a longitudinal leaf of fibres. The third kind has no analogue in a simple principal bundle; it is a transversal leaf of 
fibres: 

Definition 4 (Transversal bundles) Let P+{S,G) S{R,M) R be a principal composite P{M,G) -bundle, 
and 4''++ local trivialisation of its total twisted bundle. We call transerval bundle over x G [/" C M the set of 

principal G-bundles {Q"^{V^,G) V^}i defined by the following local trivialisations: 

,»(a) V'xG ^ Q^' c P+ 
^Q- ■ {y,g) cl>V+{^,y,g) 

The projection of a transversal bundle is then defined by \/q £ Q"*, T^Qxil) = t^s ° 7r+(q). 




FIG. 1: Scheme of a principal composite P(M, G')-bundle P+{S,G) S{R,M) R. A single fibre over {x,y) is represented 
by a dotted line. This fibre belongs to the longitudinal leaf of fibres XsyP ^nd to the transversal leaf of fibres Qx- 



We remark that if x G C/" fl then there exists two diffeomorphic transversal bundles over x : Qf ~ QP\ We 
denote by : Qg» ^ this diffeomorphism. S C/" n C/^ n W and for q G 0qI^'^ (?) = 4>'q}'^ ° /q]^'^ (q) ■ 

j^apii^) ^^a^^q^^ ^.^j^ /i"'^''^^'^(y) G G (the dot in the preceeding expression denotes the right action of G on 



Property 1 The family of the transerval bundles {Q"^{R,G) R}xeU''.a of a principal composite bundle is torsion 
free, i.e. hx^''^^\y) = e (e is the identity element of G). 

This property follows from the following commutative diagram 



Xsy 

TTp^ix) 



^ ^Qx\y) 



Vy G V 
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Remark : Let {W^"'}a.i be the good open cover of S defined by 

= U ^sy'iun 

The local trivialisation of the principal G-bundle P+{S, G) -^^^ S is 

^+ ■ ^ Xs^s(«)0p(xks(.)(*)'5) 

B. Local data defining a principal composite bundle 

A principal bundle, as P{M, G) M, is totally determined by the knowledge of the manifolds P and M and of 
the local diffeomorphism (f)p : U" x G ^ P (or equivalently the fibre diffeormophism (j>p^ = (j)p{x, .)). However, it 
is often more practical to determine the structure of a principal bundle by using entities defined only with M and G 
(without any explicit reference to P). Indeed the explicit geometry of the manifold P is often unknown. The local 
data defining a principal bundle are the transition functions gp^ e il°(C/" n , G) (see ref. @) which are related to 
the local diffeomorphisms by 

VxeC/"nf/^, (j)^p{x,e) = (t)'^{x,gf{x)) (1) 

They satisfy the cocycle relations 

e [/" n C/^ n f/-^, gf{x)g^p'{x)^g'P{x) (2) 

VxeW^nu^ gf{^) = g^p"{x)-' (3) 

Since Xsy0p(<pj/ (a;), G) = X^sy'l^pix, G), there exists g^l"^ G f7"(y* n V^,G) such that 

X^>pK-''(^),e) = x's*yrpix,gf"\y)) 
Property 2 Vx G C/" n and Vy G n , we have 

9fi-)9ffHy) = 9f:'\y)9fi^l'i-)) (4) 

This property follows from the two following calculations: 

Xg<l^^i^'^i^),e) = X^*yrp{vl'ix),gf{^l'ix))) (5) 
= X's*yrp{^:9f:'\y)9fi^mm (6) 

X^S*yKiv>l'i^),e) = X%<l^^p{x,9%i^\y)) (7) 
= Xlyc^p{x,9f{x)g%i^\y)) (8) 

The transition functions of the total twisted bundle of a principal composite P(M, G)-bundle P+{S,G) 
S{R, M) R are defined by 

V(x,y) eU-C^uPxV^r^ V\ gi^l^^^'\x,y) = gf ix)g'ii'\y) = 9f:'\y) 9 f i^l' i^)) (9) 
They are related to the local diffeomorphisms by 

^{x,y) e C/" n C/^ X n y^ (/.^^(^j/"(x),2/,e) = q>'^\ix,y,g^_^l^^^'\x,y)) (10) 
Property 3 The transversal transition functions satisfy the twisted cocycle relation 

yyev^nv^nv'', g^'^Hy) = gf"\y)9=Q'^^^^^{y) (ii) 
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This property follows from the two following calculations: 

xl>p(^;'(^),e) = x^;0^(a^,ff£"Hy)) (12) 

X%rp{vf{x), e) = xtyrpivf o Vl'i^). e) (13) 

- X^0p(^I,(-),5^S^,,(y)) (14) 

= x^;'^^(a^,ff£"^(j/)^£4)(2/)) (15) 

Property 4 T/ie transition functions of the total twisted bundle satisfy the twisted cocycle relation 

V(x,y) eU'^nU^nU-' xV^n n V\ g["^'^'''\x,y) = 9i"^'^^'\x,y)gi%^'^^''\ipl\x),y) (16) 
Indeed we have 

= g'P{^)9Qi''\y) (17) 

= g^''(x)5^-(a:)4i'')(y)5^';;74^(y) (18) 

= 5p^(^)4i''(y)5p"(^;^'(^))fff£4)(?/) (19) 

= gi"^^'^\x,y)gi%^^-"'\^l^ix),y) (20) 
The twisted cocycle relation can be rewritten as 

gi"f'"'\x,y) = («^(x,y)5i«)(^'=)(x,y)/z(-)(''-'-)('^'=)(x,y) (21) 

with 

;,(-)(«)(7^)(^,y) ^ g[Mh'^\^,y)-^g(^%^i-f'^\^l^i:c),y) (22) 

;j(aj)(/3j)(7fe) g f]0([/" H f/^ H J/'^ X V"^ H H , G) represents the obstruction to hft the total twisted bundle into a 
principal bundle. The notion of total twisted bundle introduced in this paper extends the notions of twisted bundle 
and bundle gerbes ref. 

Proposition 1 Let (^^*)'^^^^ g ^l'^{W°''^ fi W^^ ,G) he the transition functions of the principal G-bundle P^{S,G). 
These transition functions are related to the transition function of the total twisted bundle by 



Indeed Vs S W"' n W^^^ we have 



and 



glt(«)(x,y)=.9f)(«)(xr/(^)) (23) 

</.«(.,e) = C(.,gf )(«)(.)) (24) 

c^i\i^lH^),y,e) = 4'(xr«'(^)'e) (25) 
r+\i^,y,9) = r+i?<'s'yi^)^9) (26) 

We can note that the usual cocycle relation concerning g^"^^'^^^^ involves the twisted cocycle relation concerning 
9++ 

9^r^^^'\x7y\^))9f^^"'\ ) = 5f ^'"'^(xr/(-)) (27) 

Proposition 2 A composite principal P{M,G)-bundle over S{M,R) — !■ R is completely determined by the knowledge 

of automorphisms Lp]^ : M ^ M and functions g^^l^^^^^ e 17°([/" nUl^ xV n V^,G), such that g'^l^^'^'\x,y) is 
independent of y £ R and ofi, and satisfying the twisted cocycle relations 

V(x, y)£U-r^uPf^W xV^n n V\ g^^f ^■'"^ (x, y)g^fi^^''^ {^^ (x), y) = ^^'^^ (x, y) (28) 
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Indeed, we can reconstruct the manifold S by 

= [J X M/ - {y, x) - (y', x') y = y' and yeV^f] ^ x' = tp^^ {x) (29) 

i 

and the manifold P-f by 

P+ = yw/- X G/ ^ ^ (5', 5') ^ 5 = 5' and s G M^"^ n VF'^^" ^ 5' = 99t+^^'\x's.s(sM^^s{s)) (30) 

III. COMPOSITE CONNECTIONS AND COMPOSITE HOLONOMIES 
A. Global definition of a composite connection 

The fibers of P+ being diffeomorphic to G, there exists a tangent vector subspace such that TrP+ D VrP+ — for 
r G P+ (where g is Lie algebra of G) called the space of vertical tangent vectors (see ref. @). A connection is a choice 
of a supplementary subspace HrP+ called the space of horizontal tangent vectors, TrP+ = K-P+ ffi HrP+- We want 
to reduce the choice of the horizontal tangent space to be compatible with the composite structure. 

Definition 5 (Composite connection) Let P+{S,G) — > S{R,M) AI be a principal composite P{M,G)-bundle. 
A composite connection is a choice of a horizontal tangent space HrP+ at each point r of Pj^ such that there exists a 
horizontal tangent space HpP at each point p of P with X^sy*^p^ ^Xs* 

Xsy* denotes the tangent map of x^sy (the lower star denotes the push- forward). 

A connection being defined by a 1-form (for which the horizontal tangent space is its kernel, see ref. Q), we have the 
following definition. 

Definition 6 (Composite connection 1-form) Let P+{S, G) — > S{R, Af ) M he a principal composite P{M, G)- 
hundle. A connection 1-form lo G Q}{P+,q) is a composite principal connection 1-form if there exists a connection 
1-form ujp G VI^{P,q) such that Vj/ G , x^sy^y^ ~ "^^^f^ iy ■ '^+^ (''^s^ (v)) ^+ canonical injection. 

X'sy denotes the cotangent map of x'sy (the second upper star denotes the pull-back). The important property of a 
composite connection 1-form is that XgJ'iyW is independent of y and of i. 

Let : Q" P+ be the canonical injection. The transversal bundle is endowed with the connection 1-forni 

3, = *rwGf7i(Qs,0)- 



B. Local data associated with a composite connection 

Let UJ G fl^{P+,g) be a composite connection of P+{S, G) S{R, M) R. Let (tZkr ^ ^(C/" x V\P+) be a local 
section of the principal bundle P^{M x y*, G), such that 

V(x, y)eu^nu^xv^n ^«,^,(<^;-'"(x), y) = aZ^^i^, y) ■ 9tl"'^'\x. y) (31) 

The gauge potential associated with the connection is A"' = '^m*xr'-^ ^ il^iU" x g). By construction we have 

V(a;,y) eUTiU^ x V'nV^, 

^^^*Al\x,y)^gi"^^f''\x,y)-'Afix,y)gi-^'^^'\x,^ (32) 

where ip^^* : x Ci V^) x H V^) denotes the cotangent map of {x,y) ^ ^l^x). We have then 



<^'^-*4^(x,y) = 4i(^;^(x),y)-^|-^rfx^ + ( 4i(^^^ 
where Lp'^^'^{x') is the v-\k\ coordinates of the point (p^Jix) G M . 



dy"" (33) 
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Let F"* = dA'^ + A e x g) be the curvature of the principal composite bundle. By construction 

we have 

^>^^*fI\x, y) = ^"'^ y)-'F^\x, v)g^:$^^'^ {x, y) (34) 
We can also use the language of the 2-connections on the total twisted bundle (see ref. 0413) ■ 

4^"(x,y)=git^''^(^>y)"'^r(^:y)3lt^''^(^>y)+5i^^^ (35) 
where A''^[^'^ (x, y) — A^ {x, y) — ip^^* A^ [x, y) is the potential of the 2-connection. By construction we have 

K\^,y)-9f:\v)-'Fl\x,y)<;g''\y) 

^F^^x,y)-p^^*F^^x,y) (36) 
= dM.RA'ii^Hx) + [Al\x,y),A^i"Hx,y)] - A^i"\x , y) A A^ii^^x , y) (37) 

F"* plays then the role of the curving associated with the 2-connection (usually denoted by B). 

C. The intertwining curvature 

The transversal bundle Q"* is endowed with the gauge potential ^q"' = '^Mxii(^' ■)*'^Qa; — Jx^T ^ ^^(^Nfl) 

, . R ^ M X R 
where 7r : / \ • We have then 

y ^ {x,y) 

WyeV^n V\ ^^'*4:\y) = 9f:\y)-'AfJ{yW^:\y) + gf:\yr'dn9f:\y) (38) 

For a; G [/" n J/*^, the gauge potentials of Q'^'iR, G) and (i?, G) are related by 

AZ\y)^gf{x)-'4l\y)g'^/{x) (39) 

x''sy^^MxRi-Ty) £ r([/",P) is a (y, i)-dependent local section of the principal bundle P{M,G). With it we can 

define a (y, z)-dependent gauge potential of P, A"pf = <rxflXsy"'*^P = ^mIrX^v'* X^^^l^ = e r!HC^",0) 

where j„ _M^M x R ^ more interesting to endow P{M, G) with a gauge potential independent of y. 

X i-> {x,y) 

Let CT^f G r(?7",P) be a local section of P such that (J^f{x) — crff{x) ■ gp^{x), we define the gauge potential 
Ap — a'^ujp e n^{U°',Q). The relation between Ap and the family {A'py'}y^Yi j is just a (y, i)-dependent gauge 
transformation, indeed 



V(a;, y)eU"x V\ 3g^\x) G G, X^7VS^^(a;, y) = aU^) ■ g^\x) (40) 

Al^^{x) = g^\x)-^A^p{x)g^\x) + g^\x)dMgT{x) (41) 

V(a:, y) e [/« n C/^ X F'^ , (x)gf (x) = (x)g^'' (a;) (42) 

Vx e [/" n U^, A^pix) = gf{x)-'AUx)gf{x) + gf {x^'d^igf (x) (43) 

A^pf{x)^gf{x)-'A'^pf{x)gf{x)+gf{xr'dMgf{x) (44) 
The gauge potentials of the total, structure and transversal bundles are related by 

A^ix^y) = A%f{x)+4:\y) (45) 

= g^''ixr'AUx)g'^\x)+A'Z\y)+g'^\xr'dMg'^\x) (46) 



and then 



We note that 



We have then 
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We prefer another gauge choice : AT{x,y) = g"'^{x)AT{x,y)g!;''^{x) ^ + gT{x)dM-KRgT{x) ^, in which we have 



Al\x,v)^A"p{x)+£^l\y) 



(47) 



with ALq^{y) = gy''{x)J^Q'J {y)gy^{x) ^ + g™{x)dRgy^{x) ^. We call this choice the gauge of decomposition since it 

isolates the gauge potential of P(M, G). 

Finally, we compute the curvature of the composite bundle. 



Fl 



dMy.RA'X' +AX' AA'X' 



(48) 
(49) 



where Dp ^ dM + [^p, •] is the covariant differential associated with the connection of P{M, G), Fp is the curvature 
of P{M, G) and Fq^"' is the curvature of Q'i'{V\ G). We note that 

V(x, y) «E f/"n[/^ X V'nV^, ^'^*F^' - ~g(^^}W)-lp^^~g(^^)W) ^^J*D^pA'^''J = 5^";)(''^')-^D^ig^5^7)(''^') (50) 

with g]^^'^^''\x,y) = gy^~^{^'^J {x))g'"_l^^''^^\x,y)g!^^ (x). We call -DpAg"'' the intertwining curvature of the composite 

bundle, since it measures the covariant variations of the connection of Q"* {V^ , G) with respect to the variations of x 
(the covariance being defined with respect to the connection of P(M, G)). 



D. Composite holonomy 

Let Cmxr £ i^{xo,ya)i^ ^ ^6 a closed path in M x V^, Cm e I^xqM be its "image" in M, and Cr G Cy^y be 
its "image" in R. The holonomy of the path Cmxr in the total bundle P^{M x V'^,G) measures the difference along 
the fibre Tr'^^{xo, yo) between the two endpoints of the open horizontal lift of the closed path Cmxr- It is defined by 
(see ref. 0) 

Hol^^(CMx7?)-PcMxHe^^+ (51) 
where Fcmxb the path-ordering operator along Cmxr, i-e. fc^ " is the solution of the following equation 

^Fcego"%^ (52) 
ds ds 

where s i— >■ x{s) is a parametrization of C. 

In the composite bundle, we are interested in the comparison between the holonomy in the total bundle Hol^^ {Cmxr) 
and the holonomies in the structure bundle Hol^p (Cm) and in a relevant transversal bundle (for example the transver- 
sal bundle at the base point xq) Hol^^ (Cr)- Ideally, we would prefer the composite holonomy to be the composition 
of the component holonomies : Holi (Cmxr.) = Holy? (Cfl)Holyip (Ca/) (the product between the two holonomies 
is the group law of G). Obviously this is NOT the case. The following theorem expresses the difference between the 
composite holonomy and the composition of the component holonomies by using the intertwining curvature (which 
measures precisely the intertwining between the two connections). 

Theorem 1 Let P-^-{S,G) — > S{R,M) R be a principal composite P{M,G)-bundle endowed with a composite 
connection defined by the gauge potential Ji"*(x,?/) — Ap{x) + Aq^^y) (within the gauge of decomposition). Let 
Cr G CygR. Let h G T{Cr,S) be a local section of S{R, M) over Cr. We suppose that 

• there exists a local chart C R such that Cr C , 

• there exists a local chart C M such that x%h{CR) C , 
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The difference between the composite holonomy of the section h in the principal composite bundle (which is defined as 
being the holonomy ofCMxR *^ the total bundle) and the composition of the holonomies ofCji and of Cm is 

+ QXQ 

where xq = XsHno), Cm = XsK^r) e C^gM , and Cmxr = {iXsHy)^y):y G C^} € C(^g^yg){M x R). The second 
integral is along Cm (H is not ordered) and 

T{x, y) = Pc^e-''™ ^«-o Pc^^, e-^'-o (54) 

This theorem can be viewed as an equivalent of the non-abehan Stokes theorem (ref. [ll|) in the composite bundle, 
and it is proved in the appendix. The term appearing in the r.h.s. of the equation (j53p is gauge equivariant : if 

Af{x, v) = g{x, y)-^Af{x, v)g{x, y) + g{x, y)'^ dMy.Rg{x, y) (55) 

then 

ID) i f^}''''^^ T'(x,y)D%' A^}^'^'T'(x,y)-^dx'^dy'^ , S f^}'"'^'' T(x.y)D% Ai^"'' T(x,y)-^ dxf^dy" , \ ira\ 

Pc^e * ^'^'^ — 9{xo,yQ) PcrG^-' ^ -f^^" Q^" ^ ^' " g{xo,yo) (56) 

The composite holonomy is the composition of the component holonomies if and only if the intertwining curvature 
^Qx 



vanishes D<I,A%-J = dMA^^J + [A^A^:^] = 0. 



If we relax the second assumption by supposing that Cm crosses several charts [/", the works of Alvarez in ref. [l2| 
show that the correct definition of the holonomy of Cmxr is 

...g^"(2;^")Pc,,.,eA.c=,„c=,^+ (57) 

Where U" , ..^W^ are the charts crossed by Cm , is an arbitrary point on U°' n fl Cj\/ and y°'^ is the point 
of Cr such that Xs^(y"^) = ■ The preceeding expression is independant of the choice of the points {x°'^}a,i3- We 
can then apply theorem 1 on each piece oi Cmxr, i-e. 

Hol^^(CAfxfl) = Pc^e-'fo J-o Pcne-'"" «="oPcMe-'"='' '^gp^{x°''') 



Jy-^ T {x,y)D^AQ^ T {x,y) p^^^J^^, ^.^^^^^^^L^fi ^''gp{x^'') 



XPc_. 

xPc.e4™ fT'' T-ix^)D^^T-ix^yr^^^J^^ ^V^^^c^eO^ (58) 

The simple composition of the component holonomies does not appear because of the higher degree of intertwining 
due to the chart transitions. 

Now we relax the first assumption by supposing that Cr crosses several charts . Let Cm = {Xs^iy), V G C^f^V^}. 
Cm and Cmxr are now two collections of disconnected paths. Let y*^ be an arbitrary point on fl fl Cr, 
— -)(^gh{y^^) and x*^^^^ — x'shljj^^) be the images of on the two disconnected paths C\j and C\j. We note that 
ipV (^x^jM^ — x^iU\ The direct generalization of the Alvarez formula: 



■'MxR 



is well defined. Indeed it is independent of the arbitrary point y*-' . Let y*-' be another arbitrary point on f) DCr. 
We have then 

p e-''(*''"'.«'^)^+ = P^j e <-'^"'.«'^) + P^j (60) 

^MxB, ^MxB, ^MxR 
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We have moreover 



e < 



(61) 
(62) 



Since 1^ —9++ ^+9++ +5++ «Mxi?5++ we have 

We see then that 



,^^^^^e/<"='^"'-'^>A7^(a^)(«.)(^.,X0^j^».)p^^^ (64) 



The formula is then weh defined since it is independent of the arbitrary choice of points {y^-'}ij- We can then defined 
the composite holonomy by 

xFcj:- r=^(..,).= i-)r"(,,)-p^^^J- ^^..p^.^eC^<-> (65) 

where V^,V^, ...,V^ are the charts crossed by Cr (we have supposed that Vj, CIj C U"). If we relax both the two 
assumptions then the composite holonomy formula is a mixing of the formulea (j58p and (|65p. 



IV. APPLICATIONS 

In this section we apply the formalism of the principal composite bundle to model two physical problems : 

• the dynamics of a quantum system interacting with a classical environment and described by an active space 
and non-abelian geometric phases, 

• the transport of a classical Dirac spinor field coupled with the gravitational field associated with the curved 
space-time of the general relativity. 

In this two situations we present the application of the theorem 1 . 



A. Non-abelian geometric phases of a quantum system interacting with a classical environment 

We consider a quantum system described by the Hilbert space H and the free self-adjoint Hamiltonian Hq G C{TL) 
[CiJ-L) denotes the space of linear operators of %). The quantum system interacts with an environment described 
by n classical parameters R via the self-adjoint interaction operator R Hi{R) G C{'H) (we suppose that Hq 
and the family {Hj(R)}j^^^„ have a common domain in which each operator is restricted). The total Hamiltonian 
H{R) = Hq + Hi{R) describes the quantum system interacting with its environment. If we suppose that there exists 

TO smooth constraints on the classical parameters R : {/'(i?) — 0}i=i /' : K" M, then the admissible R 

form a smooth (n — TO)-dimcnsional submanifold M of R" . These constraints can have for origin the fact that the 
parameters could be not physically independent or else they could be chosen by an experimentalist who controls 

the environment. We denote by (a;^)^=i n-m a coordinate system on AI (and we write R — x \i R £ M). Let 

[0, T] be the fixed time interval of the evolution (0 can be the date of the preparation of the system and T can be 
the date of the experimental measurement). We consider only closed evolutions [0,T] 9 i i— )■ R{t) £ M such that 
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i?(0) = R{T) = Xq with Hi{xo) = {xq corresponds to the off interaction). Since -R(O) = R{T) for all evolutions, we 
can consider t G [0,T] as a coordinate on the circle S^. 

We suppose that there exist N < dim'H orthonormalized x-dependent vectors (|A,a;)" G 1-1)^=1,. ..,n (depending on a 
system of local charts on M) such that 

yt e [0,r], U{t,0)P{xo) = P{x{t))U{t,0) for all evolution t ^ x(t) (66) 



where P{x) = J2a=i |A, x)""(A, a;| is the rank N orthogonal projector on the space spaned by (|a;, A)" e 'H)a= 
(the active space), and where U{t,0) is the evolution operator, i.e. 



ih^^^^ = H(,x{t))U{t, 0) U{t, 0) = Te-^'"'" H{xit'))dt' ^g^^ 

T is the time ordering operator. Wx G U" f) , g"^(x)AB = "(A,x|B,a;)" is an element of a basis change matrix 
within the active space. Such a set of vectors is for example given by an adiabatic theorem (see for example ref. fl3| ) 
(in that case each |A, x) is an eigenvector of H{x) = Hq + Hj{x)). We suppose that the initial wave function of the 
quantum system is V'(O) — |A,a;o)"; under the assumption cqn. (j66|) we can prove (see ref. dill) that 

N 

i^(r)-y [Te"^''"^"^°(^(*»'^*-^"^?.(^W)^''*1 |B,xo)" (68) 



B=l 



BA 



with 



E''{x)AB^"{A,x\H{x)\B,xr A^^(a:)AB ="(A,.T|^|B,a;)" (69) 

We have moreover supposed that Cm (the path parametrized by 1 1— >■ x{t)) is totally included in U". 
The quantum dynamics is then described by the composite bundle P+{M x S^, U{N)) AI x ^ (where U{N) 
is the Lie group of the order TV unitary matrices). The structure bundle P{M, U (N)) M is defined by the transition 
function g"/^ G r2°(C/" n f/'^, C/(M)). Since the base bundle M x —i' is trivial, the composite transition functions 

are simply g^J^^^''\x,t) = g°-^(x) for all opens and of 5'^, and the torsion functions are reduced to the identity 
map. The manifold P+ is then P x S^. The transversal bundles are then the trivial bundles Q" — x (j)p^{G) 
{(t>P^{G) ~ np^{x)). The composite bundle is endowed with the composite connection defined by the gauge potential 

Al = ih-^E"{x)dt + A'^^{x)dx'' e n^{U" X S^,u{N)) (70) 

where Ap € rji(C/", u(iV)) is the gauge potential oi P{M,U{N)) and where i^"i(i) = ih-^E°'{x)dt G Q}{S^MN)) 
is the gauge potential of Q'^{S^ , U{N)) {u{N) is the Lie algebra of the order N anti-self-adjoint matrices). We note 
that the gauge of decomposition is conserved while the basis changes of the active space are assumed to be time- 
independent. The non-abelian phase appearing in the expression of the wave function can. (1681) is the holonomy of the 
section h G T{S^,M x S'^) defined by h{t) = {x{t),t): 

J^^r^-' lo^ E'i.it))dt+J^^ A-,^i.it))^dt ^ Ho1^^(Cmx50 (71) 

The study of quantum dynamics by the non-abelian geometric phase formulation is well establish when Vx, x' G M, 
V/i, [E{x), Afj_(x')] = (a such assumption is satisfied when all vectors |A, x) are eigenvectors associated with a single 
N degenerate eigenvalue e{x) of H{x)). In that case we have 

Ho1^^(CmxsO = Te'''" J'o"^°(-(*))''*Pc„e^^^ (72) 

The separation of the dynamical phase and of the geometric phase permits the use of the properties of each one to 
understand the dynamics. In the case of an N fold degenerate eigenvalue, Te*'' ■'o E°(x(t))dt „ ^ih e(x(t))dt^^^ 
is just an abelian phase {idN is the order N identity matrix), the properties concerning the state transitions are then 
encoded only by the geometry of P{M,G). This fact is used to develop quantum control methods (see ref. fisj). 
However, if the generators do not commute, [E{x), Af^(x')\ ^ 0, the usual formulae does not separate the geometric 
and the dynamical phase. By applying the theorem 1, we find another separation if 

l-E"{x) + [A<f,^Xx),E'-{x)]=Q WxeU^,Wfi (73) 



12 



In other words, in place of assuming the non-local commutation of the dynamical and the geometric generators, we 
assume that the dynamical generator is a local geometric coinvariant (by local we mean that the condition depends 
only on one point, and a geometric coinvariant is the analogue of a dynamical invariant where the gauge potential 
takes the place of the Hamiltonian) . We have then 

Ho1^„(Cmx50 = e^''~'^"('^^^Fc,,ef^- (74) 

However the intertwining curvature vanishing condition can be very drastic. We can relax it, by assuming the following 
condition 

^i?"(a;) + [A^(x),£;"(x)]=A^(a;)zd^ Va:,VM (75) 
where is a real smooth function. In that case, we have 

Ho1^„(CmxsO = e^'^oLT ^°(-)'^-^''*e^fi-^iJ°(-o)Tp^^^g/A° (7g) 

The intertwing term e ° ' is just an abelian phase which does not participate in the transitions 

between the states {|A, x)"}a- 

By using the Leibniz rule, we have a non-abelian generalization of the Hellmann-Feynman theorem 

—E^^ = -[^^,£;"],B + "(A,.| — IB,.)'^ (77) 

The assumption ([75]) is then realized if {|A,a;)"}A is a set of eigenvectors of all operators associated with single 
N degenerate eigenvalues: 

B H 

^|A,x)"=A^(x)|A,x)" (78) 

Remark : even if — > is trivial the holonomy in this bundle does not vanish since the base manifold is 
topologicaly untrivial. 



B. Dirac spinor field transport in a curved spacetime 



In this section we suppose that h = c ^ e ^ 1 

Let M be the spacetime manifold which is endowed with a metric g^^i, (x) and with a linear connection (the Christoffel 
symbols) r^j,(x) ({a;^}p=o,...,3 is a spacetime coordinates system). To describe spinor fields in the curved spacetime, 
we need to consider two other entities. The first one is a Lorentz connection (so-called a spin-connection) w = 
a;^^(a:)MAB'ia;'' £ f2^(M, f)) where {Mab}a,b=o,...,3 are the generators of the Lie algebra t) of the Lorentz group 
H = SO{3, 1). The second one is a set of vectors forming an orthogonal tangent basis and called tetrads or vierbeins, 
{e^(x)}A,;i=o,...,3- A vierbein is transformed under a local Lorentz transformation h{x) e as e^'{x) = h{x)ge^{x) 
(/i(x)g is the (A, B)-matrix element of h{x)). The vierbeins can be interpreted as the gravitational field. The two 
representations of the gravity are related by the following equations: 

g,,u{x) = e'^{x)e^{x)i]AB = e^(a;)eAz.(a;) (79) 

where ij is the Minkowski metric and where eai/ = ?7ABe^, 

^';Ax) = e^(x)5pe^(x) + e^^{x)u^^{x)es,{x) (80) 

where (e^)^_A is the formal inverse (in the matrix sense) of (e^)^^A : e^e^ — and e^e^ — (5| (8^ is the Kronecker 
symbol) . Conversely we have 

^f{x) = el{x)d,e^^{x) + e^(a;)r^,(x)e^^(x) (81) 
A Dirac spinor field "0 of mass m in the curved spacetime satisfies the Einstein-Dirac equation (ref. jl6i] ) 



(i7'^e^(x)V^ - m)V(a;) = 



(82) 
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where {7''^}a=o,...,3 a-re the Dirac matrices and where is the spinorial covariant derivative defined by 



d 



Vp = Tj--+^f (a;)S(MAB) (83) 



where S is (1/2,0) © (0, 1/2) representation of the Lorentz group H (we denotes by the same symbol the induced 
representation of its Lie algebra), i.e. 

2)(Mab) = i [7a,7b] (84) 

Following Sardanashvily ref. the gauge theory is described by a composite bundle. Let G = GL(4, K) be the group 
of invertible order 4 matrices. Let P_|_(M, G) — )> M be the principal G-bundle of the tangent frames of M. For a good 
open cover of M, let (p'^p : y x G — > P+ be the local trivialisation of this bundle. Viewed as a (fixed) matrix e 

with elements e^, the vierbeins belong to G ([e^"'^]^ = e^). The equivalence class of the vierbeins under the constant 
Lorentz transformations, eH = {e^/iJJ,/?- g H}, belongs to G/H. We must then view the group G as a principal H- 
bundle, G{G/H, H) — s> G/H , with local trivialisation c/ig, : [/" x H ^ G for a good open cover {U°'}a of the manifold 
G/H. It is then natural to consider the manifold S = P+/H which has the fiber bundle structure S{M, G/H) M . 
We have then the following principal composite G(G/iJ; if)-bundle P^{S,H) S{M,G/H) M where the map 
7r_|_ : P+ — > 5 is the canonical projection associated with the quotient P+/H. The diffeomorphism Xs : ''^s^i^^) ~^ 
V X G/H is just the map induced by cjjifp : P+ V x G. The total twisted bundle {P^{G/H x V\ H) G/H x V'}i 

is then defined by the local trivialisation (bV-L ■ ^ ^ Yt ^ ^\ ^ i ,ni tt i w ■ 

^++ {eH,x,h) (t)fpp{x,(f>'^{eH,h)) 

This composite bundle permits consideration of the Lorentz connection as a composite connection. We endow the 

structure bundle G{G/H), H) G/H by the Cartan connection associated with the following gauge potential 

AaieH) = e^^de^^A/AB e ^\G/H, f)) (85) 

and the transversal bundle QeH{M, H) — > M by the spinorial representation of the linear connection which is associ- 
ated with the following gauge potential 

AqeHix) = e^r;,V(x)e'^'^MABda;'' £ n\M, f)) (86) 

(We omit the chart indices, which play no role in this discussion). Let a = (x i—> e{x)H) e r(M, S) be a local section 
of S{M, G/H) M. We have 

a*A+{x) = {e^^{x)dpe^^'{x)+e''^{x)T^;^{x)e^''{x)M„s)dxP (87) 



The Lorentz gauge potential is then the composition of the Cartan gauge potential and of the linear potential. S)(aj) 
is the gauge potential associated with the spinorial covariant derivative eqn. (j83p . In constrast to the approach 
of Tresguerres ref. [4| in which the vierbeins appear as a translational gauge potential of a Poincare gauge theory of 
the gravity, in this approach the vierbeins are not fixed by the connection whereas their equivalence classes form the 
auxiliary spacetime G/H on which the gauge theory is built. 

Holonomies associated with the Lorentz connection play an important role in the quantization of the gravity (see 
ref. [13, [13 )• Let two separate particles at the spacetime point xq with the same spinor state V'o- The first 
particle is transported along the worldline Ca from Xq to xi and the second particle is transported along another 
worldline Cf, from xq to xi. This situation means that the particles are described by the semi-classical spinor fields as 
i^aix) = J '4'ais)S{x — Xa{s))ds whcrc s I— > Xa{s) IS the parametrisation of the worldline of the particle a, and ipa{s) is 
the spinor state at the proper time s along the worldline with ipaiso) = ipo (xaiso) = xq). After the transportations 
ixa(sia) = Xb{sib) = Xi) the spinor states of the two particles are related by 

Msia)^T){R0\^^{CM>cG/H))Msib) (89) 

where CM^CaoCi^^ e C^^M) and Cmxg/h = {ix{s),e{x{s))H), s £ [0, sia + S2& - 2so]} £ £(^^,e(xi)ff)(M x G/H), 
s being the curvilinear coordinate along Ci\i and x H> e{x)H being a local section of S{M,G/H) — >■ M over Cm 
(associated with the vierbeins x i— > e^(a;)). By applying the theorem 1 we have 

Pc^e^f^ = IIo\^^{Cmxg/h) (90) 
= Pc.,e^-^=t.'r.^(^^-)^-^«-^^(^^-)-^'^^^Hoh , (CM)lloUaiCG/H) (91) 
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where Hol^^ ^ ^^{Cm) is the holonomy associated with the representation of the hnear connection on the spinor 

states at the base point xi and where 'RolAciCc / h) is the holonomy associated with the Cartan connection. The 
intertwining curvature is (see the appenix) 

DaAQeH - (e^de^ff^" - e""^ de'^^g^,) A V^;^dxPM^s (92) 

We can note an interesting analogy between the non-abelian geometric phases treated in the previous application: 
the Cartan connection AQ{eH) plays the role of the geometric phase generator, Aq^.^ plays the role of a dynamical 
phase generator, the vierbeins play the role of the active space basis vectors and the Christoffel symbol F^^, takes the 
place of the Hamiltonian. 
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Appendix A: Demonstration of theorem 1 

Since all relevant quantities are defined on the single local chart [/" x V , wc omit the indices a and i. 

We split this expression by using the intermediate representation theorem (see ref. [l9l |) 
Moreover we have 

¥c,, J^-o ig^Pc,, e- ^^^0 - Aq,, = / dM f Pcm Aq.Pc., e" ) (A3) 



Xo 



r Ap 



By using the Leibniz rule with du in the r.h.s. of the preceding equation, and the fact that dj^iS'cM^' 
"^Cm^^^^^"' Ap and dAfPcMe"-''^" = -ApPc^e" ■''-o wc find that 

PcMe^-'o^-iQ,Pc,,e-^^^o^--iQ,„ = rFc.,e^^^o^-{dMAQ, + [Ap,AQ,])¥c,,e-^^^o^- (A4) 

= rPc„e^^o^-i^piQ,Pc„e--^^^o^- (A5) 

We then have 

Finally by using again the intermediate representation theorem, we have 

Appendix B: Intertwining curvature of gravity 



DaAQeH - de"^ A F;,Vdx''e^''A/AB + e^P^.de'^'^ A dx^AfAB + e^de"^^ A e^F^,da;''e°''[MAB, Afco] (Bl) 
The commutation relations of the Lorentz algebra () being 

[A'/ab, A/cd] = -?yBDA/Ac + »yBcA^AD + '/adA'/bc - VacMbd (B2) 
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we have 

DgAq.h = AT'^p^dxPMAB + e'^de^'' Ar';jxPM;,B (B3) 

-e;^de^^e^e^ A T^^da^^MAc + e^de'^^'esAe^'' A T^.rfx^MAD (B4) 

+ e^de'^^e^eX Ar^^dx^Mgc - e^de^^CAAe^'' Ar^^dx^Meo (B5) 

After the exchange of some double indices we find 

DaAQeH = {dey + e^^de^^ - e^de^^e^e^ + e^de^^ep^e^" + de'^'el ~ de^^e^^g^^) A T^^dx^A/AB (B6) 
Since e^'^ep^ '^^ =^ de^'^eofj. — —e^'^deo^ we have 

e^de^^eo^e'^^ - -e^.'^^dep^e^'^ = -dey (B7) 
Since e^e'-^ — ij'^'- de^e'-^ = -e^de"-^ we have 

eA^e ece^ = -de^^e ece^, = e^de^g (B8) 

We then have 

DaAQeH = {e'^de^" + de^^el + e^de^g^'^ - e^'^de^^gx^) A T^.dx^MAB (B9) 

Moreover we have 

e^de^^MAB = elde^-'MsA = -elde^^M^^s (BIO) 
because Mba = —Mab- Finally we have 

DaAQeH = {elde^g^" ~ e""" de'^^gx^) A T^.d^T^AfAB (Bll) 
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